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Abstract. We show, using two different approaches, that there exists a family 
of Riemannian metrics on the tangent bundle of a two-sphere, which induces 
metrics of constant curvature on its unit tangent bundle. In other words, given 
such a metric on the tangent bundle of a two-sphere, the Hopf map is identified 
with a Riemannian submersion from the universal covering space of the unit 
tangent bundle, equipped with the induced metric, onto the two-sphere. A 
hyperbolic counterpart dealing with the tangent bundle of a hyperbolic plane 
is also presented. 



One of the most studied maps in Differential Geometry is the Hopf map H : 
S'^ — > CP^ from the unit three-sphere S'^ C onto the complex projective line 
CPi = C U {oo}, defined for z = (zi, za) e by 



Composed with the inverse stereographic projection p ^ : C — J- §^ \ {(0, 0, 1)} C 
given by 



which, if we choose the two-sphere §^ to be of radius 1/2, becomes a Riemannian 
submersion, relative to the canonical metric on each sphere. 

As is well known, the Hopf map is closely linked to the unit tangent bundle 
T^S^ — > §^ of the two-sphere. Indeed, the total space T^S^ is diffeomorphic to the 
real projective three-space EP"^, and the Hopf map : S"^ — > §^ is nothing else 
than the canonical projection from the universal covering space of T^S^ onto S^. 
This shows that a Riemannian metric of constant positive curvature exists on T^S^, 
inherited from the canonical metric on S'^. 
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1. Introduction 





it can be regarded as a map 

: §3 ^ §2 sending 
(1.1) z = (zi,Z2) ^ (2ReziZ2,2ImziZ2, |zip 
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Then it is a pertinent question whether this constant curvature metric on T^S^ 
is induced from some "natural" Riemannian metric defined on the "ambient" total 
space of the tangent bundle TS^ — > of §^ , when one regards the total space 
of the unit tangent bundle T^§^ as a hypersurface of T§^. This question also arises 
when the three-sphere is equipped with one of the Berger metrics, that is, when 
a homothety is applied on the fibres. 

The aim of this paper is to give affirmative answers, using generalized Cheeger- 
GromoU metrics hm.r defined in [I] (see Subsection 13.31 for the precise definition of 
h„i^r)i that there is a two-parameter family of Riemannian metrics on the tangent 
bundle of S^, which induces desired metrics for both questions. Namely, we prove 
the following 

Theorem 1.1. Let §"(c) be the n-sphere of constant curvature c > 0, and denote by 
r§"(c) (resp. T^S"(c)) its tangent {resp. unit tangent) bundle. Let F : §'^(c/4) 
r^§^(c) be the covering map defined by (|2.8p . 

(1) Then F induces an isometry from the projective three-space (]RP'^(c/4), gcan) 
of constant curvature c/4 to T^§^(c), equipped with the metric induced from the 
generalized Cheeger-Gromoll metric /im,r on TS'^{c), where m = log2 c and r > 0. 

(2) Similarly, when is equipped with a Berger metric defined by p.lOp . F 
induces an isometry from (RP^, g^) to (T"'^S^(4), h^.r), for m = log2 + 2 and 
r > 0. 

In particular, we see from Theorem 11.11 (1) that any three-sphere of constant 
positive curvature is isometrically immersed into the total space of the tangent 
bundle of a two-sphere, equipped with a generalized Cheeger-Gromoll metric. A 
hyperbolic counterpart of this is also true. Namely, any anti-de Sitter three-space 
of constant negative curvature is isometrically immersed into the total space of 
the tangent bundle of a hyperbolic plane, equipped with an indefinite generalized 
Cheeger-Gromoll metric. More precisely, we prove 

Theorem 1.2. Let -fff (c) be the anti-de Sitter three-space of constant curvature 
— c < 0. Let TM^(c) (resp. T^lP(c)) he the tangent {resp. unit tangent) bundle of 
the hyperbolic plane H^(c) of constant curvature — c < 0, and endow rH^(c) with 
the indefinite generalized Cheeger-Gromoll metric hm,r defined by (j5.14l) . Then the 
covering map F : HKc/A) — >■ T^W'^{c) defined by ()5.8p is an isometric immersion 
from iJj^(c/4) to T^VP(c), equipped with the metric induced from h„i^r, where m — 
log2 c and r > 0. 

The paper is organized as follows. In Section [2] we describe the Hopf map 
§•^(0/4) — ^ §^(c) in terms of the natural identification of the three-sphere §"^(0/4) 
and the unit tangent bundle T^§^(c) with Lie groups SU(2) and S0(3), respec- 
tively. Then, using these descriptions, we prove Theorem 1 1.1 1 in Section [3l For this 
end, we compute the differential of the covering map F : S^(c/4) — > r^S^(c) and 
find explicitly a suitable induced metric on T^§^(c) making F to be isometric. An 
alternative proof of Theorem 1 1.1[ based on our previous knowledge of the curvature 
of generalized Cheeger-Gromoll metrics, is presented in Section 

In Section [5] we prove a hyperbolic counterpart of Theorem 11.11 (1). Namely, 
we define the hyperbolic Hopf map _fff(c/4) ]HI^(c) for the hyperbolic plane, 
and extend the notion of generalized Cheeger-Gromoll metrics to admit indefinite 
ones. Then we prove Theorem 11.21 by the same method as in Section |3j namely. 
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by identifying the anti-de Sitter three-space Hf{c/A) and the unit tangent bundle 
riH2(c) with Lie groups SU(1, 1) and S0+(l,2), respectively. 

2. HOPF MAP 

To fix our notation and conventions, we first review how one can identify the 
Hopf map H : §^ §^ with the canonical projection from the universal covering 
space of the unit tangent bundle T^§^ onto the 2-sphere 

To begin with, recall that the unit 3-sphere 

S"" = {{x\x^x\x^)eR^ I {x^)^ + {x^)^ + (x^)^ + {x^)^ ^ 1} 

is diffeomorphic to the special unitary group 

SU(2) ^ {Ae GL(2,C) I *AA = Id, det^ = l} 

■a -V 
b a 



a,6e C, lap + |6p = 1 



under the map 
(2.1) 



V' : §^ ^ SU(2) 

X ^ X J X J X ) ^ y -^x ~~ 



Zl -Z2 

Z2 Zl 



where zi = x^ + \J ~\x^ and 2:2 = + \J —\x'^ . 

Moreover, SU(2) is the universal covering space of the special orthogonal group 
SO (3) with the covering map 

p ■ SU(2) ^ S0(3), A., ^ p{A^) 

described as follows. First, we regard S0(3) as S0(su(2)), where the Lie algebra of 
SU(2), 

su(2) ^ {X e 0[(2,C) \ *X + X = 0, TtX = O} 
J / V^x^ -x'^ + x/^xi' 
~ I + J^x^ -V^x^ 



X ^ X ^ X 



is identified with R^, equipped with the scalar product {X,Y) = — (1/2) Tr(XF), 
so that 



(2.2) 



ei 









62 = 



-1 

1 



63 



/-I 
-\/^ 



form an orthonormal basis of (su(2), ( , )). Then p{Ax) is defined by the adjoint 
representation of SU(2) as 

(2.3) p(^,) :su(2) ^su(2), Y ^ kA{A^)Y = A^Y A'^'^ , 

and so p{A^) e SO (3) ^ S0(su(2), ( , )). 

The matrix representation of p{Ax), with respect to the orthonormal basis (|2.2p 
of su(2), is given by 

'Re{zl - zl) lm{zl + zl) 2 Re(ziZ2) ' 
p(Aa;) = I Im(z2 _ zl) Re(z2 + zf) 2Im(ziZ2) 



(2.4) 



-2Re(ziZ2) 2Im(ziZ2) \zi\^-\z2\^ 
= {A^eiA-^ A^e^A-^ A^esA-^) . 
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Note that p : SU(2) — > SO (3) is a homomorphism with kernel {±Id}, and hence 
S0(3) is diffeomorphic to the real projective three-space RP^. 

Given c > 0, let S"(c) C M""*"^ denote the n-sphere of radius l/-\/c with center 
at the origin of R"+^. We also denote the unit n-sphere §"(1) simply by It 
should be noted that, with the metric induced from the Euclidean metric of 
S"(c) is a space of constant positive curvature c. 

Now, recall that the unit vectors tangent to §^(c) form the unit tangent bundle 

T^E>'^{c) = {{x,v) eR^ xR^ \ x e §2(c), V G T^S^(c), |t;| = l} 
^'^'^^ = {{x,v) e X R3 I |^,| = 1/^^ |„| = 1^ = 0} 

of S^(c) with the canonical projection tt : r^§^(c) §^(c) given by 7r{x,v) — 
X. Since T^§^(c) is composed of orthogonal vectors of R'^, one can define the 
diffeomorphism 

(2.6) ^ : S0(3) ^ TiS2(c), (ci C2 C3) ^ (cg/VH, ci). 
Finally, let t be the homothety defined by 

(2.7) t : §3(c/4) ^ 5^(1), 2x/Vc^x. 
Then we have the following 

Proposition 2.1. The composition of the covering map 

(2.8) F = 0opoV'oi:§3(c/4)^Ti§2(^) 

with the canonical projection tt : T^S>'^{c) §^(c) is identical with the Hopf map 
H : §3(c/4) ^ §^c). 

Indeed, from (|2.ip through (|2.7p . we see that the composition tt o F is a map 
sending 

(2/^^)(zi,Z2) ^ (1/%/S) (2ziZ2, \zif ~ , 
which is nothing but the Hopf map H of (II. ip normalized in our context. 

3. Differential approach 

The most direct path to an answer to our problem is to compute the differential 
of the covering map F : S'^(c/4) — )• T^S^(c), determine the image of an orthonormal 
frame of rS^(c/4), and then find explicitly a suitable induced metric on T^E>^{c) 
making F to be isometric. This can be carried out as follows. 

3.1. Differentials of maps. 1) The map -tp : ^ SU(2) in dm gives to to a 

linear map from R"* into the space of complex 2x2 matrices of the form 

so that dipx = V' for all x eR'*'. 

Noting that the fibres of the Hopf map (jl.ip are described as the orbits of the 
§i-action x ^ on defined by 

(e^*,(zi,Z2)) ^ e^*(zi,Z2) = (e^*zi, 6^*22) , 
we see that if a; = (x^, x^, x"^, a;^) E S^, then 

X3{x) = {V-lzi,^/^Z2) = {-x'^,x^,~x^,x^) 
is a vector tangent to a fibre of the Hopf map H : §>^(1) §^(4), and 

Xsix), X2ix) ^ {-x^,x'^,x\~x^), Xi(a;) = (-a;^-x^x^xl) 
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form a global orthonormal frame of TS'^. Since ip{x) ~ — i -'^ ) , it follows 
that 

d^^^i>: T,§3 ^ T^(^)(SU(2)) = ■ su(2) 

and 



-X 



+ ^r^x^ x^ + ^T-^x^ 



(3.1) d^^{X^{x)) = 4 , 3 2 1 =^-^3. 

Similarly, we have dV'a;(^2(a;)) = ^2:62 and d^2;(Xi(a;)) = A^ei. 

2) The differential of the covering map 

p:SU(2)^SO(3), A^^piA,), 
given by (j2.3l) . is a linear map 

dpA^ : T^JSU(2)) = A, •su(2) ^ Tp(^^)S0(3) = p(A,) -50(3) 
defined by 

(3.2) A,Y ^ dpA^ (A^Y) = p{A,) o ad(r), 
where 

ad(y) : su(2) -> su(2), Z h-> ad(r)(Z) = [F, Z]. 
Consequently, for the orthonormal basis (12. 2p of su(2), we obtain, for instance, 
dpA^ ■■ A^ ■ su(2) p{A^) ■ so(3), A^eg i-^- p(A^) o ad(e3), 
and ad(e3)(e3) = 0, ad(e3)(e2) = — 2ei, ad(e3)(ei) = 2e2. Therefore, as a matrix, 

/O -2 0^ 
ad(e3) = 2 
\0 0; 

and 

p(A,) o ad(e3) = (2^1,62^-1 -2A,eiA-' O) . 
Similarly, since ad(e2)(ei) = — 2e3, we obtain 

p{A,) o ad(e2) = (-2^,63^-1 2A,eiA-^) , 
p(A,) o ad(ei) = (0 2^,63^-1 -2^,62^-1) . 

3) Finally, we note that the diffeomorphism 

(p : S0(3) ^ T^E,^{c) 
defined by (12. 6p is linear, so d(t)g = cf) and, for p{Ax) E SO (3) 

d^piA^) = : Tp(^jS0(3) - p(A,) -50(3) ^ T^(p(^^)) (ri§2(c)) 
is given by 

(ai a2 03) n- {a-il\rc, a\). 

Therefore we obtain 

d<l>p{A^){p{A^) ° ad(e3)) = (0, 2^x62^-1) = gg, 

(3.3) d0p(Aj(p(A^) o ad(e2)) = (2^:^61^" V^^, -2A^e3A^i) ^2, 
rf0p(Aj(p(^.) ° ad(ei)) = (-2A,e2A-V\/^, 0) = ei. 
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3.2. Lifts to the unit tangent bundle. In general, each tangent space of the 
tangent bundle TM of a Riemannian manifold {M, g) admits a canonical decompo- 
sition into its vertical and horizontal subspaces. Indeed, given a point (x, e) € TM , 
the kernel of the differential of the canonical projection tt : TM — >■ M defines the 
vertical space V(^x,e) = ker(i7r(-^ g), while the horizontal space 'H(x,e) is given by the 
kernel of the connection map 

X(,^g) = K : T(^x,e)TM ^ TxM, K{Z) = d(exp, oR_, o t){Z). 

Here t : U C TM — >■ T^M is the map, defined on an open neighbourhood U of 
{x, e) € TM, sending a vector v € TyM, with {y, v) G t7, to a vector in Tj.M 
by parallel transport along the unique geodesic arc from y to x. The map R-e '■ 
TxM T^M is the translation given by R-e{X) = X - e iov X e T^M. 

One can see that 'H(x^e) ^(j, e) = {0} and Hi^^.e) © ^(x.e) = T(^x.e)TM, and define 
the horizontal lift X^ £ T~l,[x,e) a-nd the vertical lift X'" £ of X e T^M by 

K{x,e)iX'") = X, d7r(^_e)(X'') = X. 

An alternative description of the horizontal lift X'^ is given as follows. Let X £ T^M 
and choose e £ T^M. Take a curve ^ : I ^ M such that 7(0) = a; and 7(0) = X . 
(Since the result is independent of the curve chosen, we can take it to be a geodesic.) 
Let r : / — ^ TM be a unique curve in TM such that r(0) = (x, e) and T{t) is parallel 
to 7(t) in the sense that V^(^t)T{t) = for all t £ L Namely, T{t) = lj{t),v{t)), 
where v{t) £ Tj(^t)M and \/j(t)v{t) = for all t £ I, so that v{t) is the parallel 
transport of the vector e along the curve 7. Then r(0) = X^ £ T(x.e)TM. We will 
use this approach below. 

Now, recall that the unit tangent bundle T^§^(c) is a 3-dimensional hypersurface 
of r§^(c). Then we note that at {x,e) £ T^S^(c) the tangent space of the tangent 
bundle T§^(c) is written as 

r(,^,)(rs2(c)) ^{X'' + Y-\X,Y£ TxS^ic)}, 

where X'* (resp. F") is the horizontal (resp. vertical) lift oi X (resp. Y). Also, that 
of the unit tangent bundle T^EP{c) is given by 

(3.4) T(,,,)(Ti§2(c)) ^ {X'^ + Y- I X,Y£TxS^c), {Y,e)^0}, 

since the tangent vector at (x, e) of any vertical curve on T^S^ (c) must be orthogonal 
to e. 

For the covering map F : §^(c/4) — > r^§^(c), we obtain from p.Sp together with 
([3T|) through ([331) that 

(3.5) dFxi2X3{x)/V^) = i3, dFx{2X2{x)l^c)^i2, dFx{2Xi{x) / ^c) = i^, 
and recall that 

F{2x/^fc) = (i,e) e T^S^^^) 
for each 2x/y/c £ §^(c/4), where x = {1/ ^^A^e^iAx^ and e = A^eiA^^ . We set 

Then (i, /) e ri§2(c) and (/, e) 0, so that, by virtue of (IHTil) . 

^(,,,)(TlS2(c)) = Span{e^/^r}. 
Now, we are going to show 
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Proposition 3.1. Let x, e and f be as above. Then 

(3.6) (V^/2)e~2 = e^ (V^/2)gi = /^ 63 = -2/". 

Proof. To construct the horizontal hft e'' G T(j e) (r^§^(c)), we take the great circle 
7 in §^(c) such that 7(0) = x and 7(0) — e, that is, 

7(t) = cos(Vct) i + sin(^/ct)(e/Vc). 

Then the curve T : I ^ T'^§'^{c) given by T{t) = {j{t),j{t)) is parallel to j{t), so 
that e'' = f (0) = (7(0), 7(0)). Namely, 

e'' = {A,eiA^\ -^cA,ezA~^) = (7^/2)^2- 

Similarly, to construct g T(j_e)(r^§^(c)) for / — —Axe2A~^ , we take the great 
circle j{t) = cos{y/ct)x + sin{^/ct){f / ^/c), so that 7(0) = x and 7(0) = /. Then 
the curve T : I ^ T^S'^{c) given by T{t) = {j{t),v{t) = e) satisfies V^(4)w(t) = 
for alH G /. Hence 

= r(0) = (/,0) - (-A.esA^i, 0) = {V~c/2)h. 

Finally, since dTr{e3) = 0, to show that 63 = —2/" we compute K{e3). Since 
63 = di^2;(2X3/-\/c) and X3 ~ 7(0) for 7(i) = e^^^x, which is indeed a geodesic of 
S'^ along a fibre of the Hopf map, we can write 63 as a vector tangent to a curve 
j{t) =Fo (2/v^)7(t) in TiS2(c) and then 

(3.7) ^(e~3)=4 (expsoi?_,or)(7(t)). 
Also, it is immediate from (12.41) and (12.61) that 



7(t) = {il/Vc)A,e,A~\ A^(t)ea;i)) e T1s2(c) 

and 7r(7(<)) = x, so that 7(i) is a curve along the fibre over x. Consequently, the 
parallel transport r in (j3.7p is the identity map, and 



t=0 



expj (^-^A^esA^^, A^(^t)eiA^^^^ - A^eiA^^ 



since e — A^eiA^ ^. 

Put W^(t) = yl^(j)eiA~^j^ — AxeiA~^. Then the geodesic of §^(c) starting at x 
with initial vector W{t) is given by 

<5,(,s) - ^^.eiA-i cos(VS|iy(i)|s) + -L_^sin(VS|VF(i)|5), 

and ^^(63) = {d/dt)\t=oSt{l). On the other hand, since 

7(t) = {x^ cos t — x^ sin t, a;^ cos i + x""^ sin t, x^ cos i — x'' sin x"* cos i + x"^ sin t) , 
we have 

-4(-a;^a;^ + x'^x^) sin^ i + 2{x'^x^ + a:;^^^) sin2i 
-4(xix2 +x3a;4)sin2i+ ((a;i)2 - {x'^f + (x3)2 - {x'^f )sm2t 
-2{{x^f - (a;2)2 - (a;3)2 + (a;4)2) sin^ t - 2{x^x^ - x^x^) sin 2tj 

and |M^(t)| = 2sint 
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Therefore we obtain 



^^""^^ t=o ( 



cos(2-ycsint) + 



2Y^sin< 



W{t) 



sin(2v^sint) 





which shows that 63 



2/". 



□ 



3.3. Generalized Cheeger-Gromoll metrics. For the tangent bundle TM of a 
Riemannian manifold {M,g), a natural Riemannian metric on TM, in the sense 
that with respect to which the vertical and horizontal subspaces of each tangent 
space of TM are orthogonal and the canonical projection tt : TM — )■ M becomes 
a Riemannian submersion, was first defined by Sasaki 8,. This metric, now called 
the Sasaki metric, appears as having the simplest possible form, but its geometry 
is known to be rather rigid (cf. [11 [6]). Later on, a more general metric, called the 
Cheeger-Gromoll metric, was given on TM by Musso and Tricerri 6^, which has 
been further generalized in [1] toward the discovery of new harmonic sections of 
Riemannian vector bundles. 

To be precise, given the two-sphere §^(c), for m e R and r > 0, the generalized 



Cheeger-Gromoll metric h^.r on the tangent bundle TS>'^{c) is defined, on each 
tangent space r(^^e)(7'S^(c)) at (a;, e) e r§2(c), by 



where X,Y e T^S^{c) and w = 1/(1 -I- \e\^). In particular, when {x,e) € T^S^{c), 
this metric restricts on r(a;^e)(?'^S^(c)) to 



since {Y,e) = by virtue of p.4p . Namely, the parameter r disappears if hm,r 
is restricted to the unit tangent bundle T^S'^{c). It should be noted that the 
original Cheeger-Gromoll metric corresponds to m = r = 1 and the Sasaki metric 
to m = r = 0. 

Now, our Theorem 11.11 can be proved as follows. If we choose m — log2 c, then, 
noting p.Sp and p.6p . we obtain from p. 91) that 



(3.8) 



Y'^) = (X, r), h,nA^'\ Y-) = 0, 

/^„,,(X^ y") = Lj"\{X, Y) + r{X, e){Y, e)). 



(3.9) 



/^„,,,(X^r'^) = {X,Y), h„-,AX\Y^) = 0, 
h^AX\Yn = ^{X,Y), 



/lm,r((VS/2)gl, (V^/2)gi) 
/lm,r((V^/2)g2, (V^/2)g2) 
KnAiV^/^)ei, (7^/2)^2) 
{{V~c/2)e2, iV~c/2)e3) 



/lm,r(e^e'') = (e,e) = 1, 
Vr■(/^e'') = (/,e)=0, 

-Vr(e^v^^) = 0, 
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and 

hmAiV~c/2)h, {V~c/2)h) = hmA-A~cr, -v^n = /> = i- 

This shows that F : §^(c/4) — > T^§^(c) defined by (|2.8p induces an isometry from 
(Rp3(c/4), 5can) to (Ti§2(c), /i„j for m = loga c and any r > 0. 

Moreover, if we equip the unit three-sphere S'^ with a Berger metric in [3] 
such that 

(3.10) {Xi,X2, eXa} is an orthonormal frame of TS^, 

then we see from (|3.5p that (ii^2;(eX3) — ee^ and 

/i™,.(ee~3,eg3) = /i™,.(-2er , -26/") = ^(2e/,2e/) = ^. 

Therefore, for m = logj + 2, the map F : S"^ — T^§^(4) yields an isometry from 
(Rp3,.g£) to (TiS2(4), hm,r) for any r > 0. 

Remark 3.2. In Theorem ll.il (1), if we choose c — 1, then m = 0. Thus, for r = 
the generahzed Cheeger-Gromoll metric Hq^q defined by p.Sp is nothing but the 
Sasaki metric defined on TS^(l). In this case, Theorem ll.il fl) is proved in (51. 

4. Curvature approach 

To show that (r^S^(c), /im,r) with m = logj c is isometric to (EP'^(c/4), .gcan), 
an alternative method is to compute that both of them have constant sectional 
curvatures c/4. To carry out this, we regard T^§^(c) as a hypersurface of T§^(c) 
and combine the Gauss formula with our previous knowledge of the curvature of 

To this end, let V and R denote, respectively, the covariant differentiation and 
the curvature tensor defined on §^(c), and let V denote the covariant differentiation 
defined on T§^(c). Then standard computation (cf. 2 ) shows that the Levi-Civita 
connection on (TS^(c), h^.r) is given by 

Vx-Y'^^iVxY)'^-^{R{X,Y)er, 

Vx.l^" - i^xYr + ic."(i?(e,r)X)^ 

Vx^r" = ic^'"(i^(e,X)y)^ 

-Vx-Y" = -muj[{X,e)Y + {Y,e)X]'' + {mu + r)u}r{X,Y)U 
+ mruJUJr {X, e){Y,e)U 

for all X £ T^S'^ic), Y e C°°{T§^{c)) and (x, e) £ TS'^{c), where U £ C°°{T§^{c)) 
is the canonical vertical vector field on r§^(c) defined by U{x,e) — e" and LUr — 
l/(l + r|ep). 

It should be noted that V x^Y^ has no horizontal part, so the fibres of r§^(c) are 
totally geodesic. The unit normal n to T^§^(c) in TS^(c) at (x, e) is proportional 
to the canonical vertical vector U(x^ e), that is, to the vertical lift e" of e, and the 
normalization factor is a = -^2™/ (1 + r). 
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Let B be the second fundamental form of T^E>'^{c) in r§2(c). For X'' and Y'' in 

r(,,e)(TlS2(c)), 



[{RiX, Y)e, e) + r{R{X, Y)e, e) (e, e)] n = 0. 



2'm+l 

For X'' and y in Ti^^^^){T^E^ic)), 

B{X\Y-) = ;^„,.,(Vx.r^ n)n = /i„,,, ((Vxr)^ n) n 

since we can extend Y by paraUel transport along X. For X" and F'' in T(^^e) (T'^S^ (c)), 

For and in T(^^e)(ri§2(c)), 

B{X\Y-) = /i™,.(Vx">^", n)n h,n,r ('-^^^l^^{X,Y}e\ ae^) n 



™/2 + ".(x,y)n. 



1 + r 

From the Gauss formula, the sectional curvature K of (T^§^(c), /i„i_r) can be 
determined as follows. Let {x,e) S T^S'^{c) and / e riS2(c) such that (e,/) = 0. 
Recall that ,3)(r^§^(c)) = Span {e'', /'*, /"}. Then, applying the formulae in [2 
Prop. 3.1], we obtain 

Proposition 4.1. Sectional curvatures of (T^§^(c), hm,r) o,f^ given by 



om+2 ' 

(4.1) ^ 



2m+2 ■ 

Proof. Denoting by K the sectional curvature of (TS^(c), h^.r), we have 
J^(e'' A /'') = i^(e'' A /'') 

+ /^™,.(i?(e^ e''), i?(/^ /")) - |S(e^ /'')p 

= i^(e'' A/") =c - 
^^(e'' A r ) = i^(e'* A ) 

where /?/" is of unit length, and 

x(/" A /■") = kif'' A Z'^) 

+ v,(B(/^/''),i?(/3/^/3r)) - |i3(/^/3r)p 
-i^(/"Ar). 
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Note that K{f^ A f") cannot be computed from the formulae in |2, Prop. 3.1], since 
and f" are the horizontal and vertical lifts of the same vector. So we compute 
it as 



R being the curvature tensor on rS^(c) (cf. [U Prop. 2.3]). □ 

Remark 4.2. The parameter r in the generalized Cheeger-Gromoll metric hm.r has 
no influence on the sectional curvature of (T^§2(c), hm,r)^ since it disappears on the 
unit tangent bundle as in (|3.9p . On the other hand, it has an effect on the sectional 
curvature of the ambient space TS'^{c). For instance, the following are proved in 

m- 

(1) (TS2(c), hm.r) has positive sectional curvature if and only if 

4 m'" 

(i) r - 0, m > 1, 3 _ ^yn-i > c> 0, or 

(ii) r > 0, TO = 1, 4/3 > c> 0. 

(2) (T§2(c), /im,r) has positive scalar curvature if 

to"" 

(to — 1) 
(h) r > 0, TO==1, 4>c>0 



(i) r = 0, 2 > TO > 1, 4- ^ > c > 0, or 



An alternative proof of Theorem II . II now goes as follows. The two values for the 
sectional curvatures in (|4.ip are equal to c/4 if m = log2 c. Hence (r^S^(c), hm,r) 
is isometric to (MP'^(c/4), gcan) for any r > 0. 

Similarly, from formulae in ^ p. 306], we see that, when S'^ is equipped with 
the Berger metric g^, its sectional curvatures take the values 4 — 3e^^ and e^^. 
Therefore, if we choose 

m log2 + 2, 

then the map : -> Ti§2(4) yields an isometryfrom (KP^5e) to {T^S'^ (A) , hm,r) 
for any r > 0. 



5. Hyperbolic counterpart 

In what follows, we denote by R" the pseudo-Euclidean n-space of index i^, that 
is, M" equipped with the indefinite metric 

n — u n 
i—l j—n — v^l 

5.1. Hyperbolic Hopf map. Let Hi{c) be the anti-de Sitter 3-space of constant 
negative curvature — c < (cf. 0), which is, by definition, a hypersurface in R2 
defined by (a;, a;) = — 1/c, that is, 

Hf{c) = {ix\x^x\x*) e Rt I (x^f + (x^f - {x'f - {x*f = -1/c} . 

Note that Hf{c) is diffeomorphic to x E^. If we introduce complex coordinates 
zi ^ x^ + \J —\x^ and z-i—x^^ \/ —Xx"" , then ii\{c) is represented as 

il3(c) = {(zi,Z2)eC2 I |^1|2-|Z2|^ = -1/C}. 
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To define the hyperbohc Hopf map, let t37 : \ {0} — >■ CP^ be the canonical 
projection defining the complex projective line CP^. Restricting w to ii\{c) C 
\ {0}, we have a mapping 

w : Hf{c) — )■ C, z = {zi,Z2) I— 7- n7(z) = Zi/z2, 

which maps Hf{c) diffeomorphically onto the unit ball = {( G C \ \(\ < 1} in 
C. Let 

H2(c) = {(a;\a;2,a;3) e | ^^i^i ^ ^^2^2 _ ^^3^2 ^ ^3 > q| 

be the hyperbolic plane of constant curvature — c < embedded in . Denote by 
1 _ / 2ReC 2ImC 1 + ICH r ^ r C 

the inverse stereographic projection : B H^(l) for IHI^(l) from the south pole 
(0, 0,-1) G IHI^(l), and let i be the homothety defined by 

r; : H2(1) ^ tf(c), x^x/^/i. 

Then, composing w with rjo p~^, we obtain the hyperbolic Hopf map 

(5.1) H = r]op-^ ow:Hl{cl4)^m^{c), 
given by 

(5.2) H{z) = (1/V^) (2^122, \zi\^ + 1^2!') G C X M. 

Note that the hyperbolic Hopf map H isa, submersion from a pseudo-Riemannian 
manifold iJf (c/4) with geodesic fibres, which can be described as the orbits of the 
§i-action x (c/4) Hf{c/4) on Hf{c/4) defined by 

(e^*,(zi,Z2)) ^ e^Hzi,Z2) = {e^'z,,e^*Z2). 

In particular, if a; = {x^ , x"^ , x^ , x'^) G Hf{l), then 

Xsix) = (v^zi,\/^Z2) = (-x^x^-a;^x3) 

is a vector tangent to a fibre of the hyperbolic Hopf map H : Hf{l) EI^(4), with 
(X3,X3) = -1, and 

X3{x), X2ix) = ix^,-x^,x\-x^), Xi{x) = {x'^,x^,x'^,x^) 

form a global pseudo-orthonormal frame of Tif^ such that {X2,X2) — {Xi,Xi) = 1 
and {XuX2) = (Xi,X3) = {X2,Xi) = 0. 
Now, recall that the Lie group 

SU(1,1) = {A^ GL(2,C) I *AhA = h, detA = l} 



{(« 5) !<.,(,.€. |«|^-|i.P = l}. 



where /i = , has the Lie algebra 

su(l, 1) = {X G flt(2, C) I + /iX = 0, Tr X = 0} 
I / a;^ - \/^x^^ 
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which is identified with , equipped with the scalar product {X, Y) = (1/2) Tr{XY), 
so that 

-\f^\ fO l\ (^J~^ 

-xTA 



(5.3) J' ^^=ll oj' ^3 



(5.6) 



form a pseudo-orthonormal basis of (su(l, 1), ( , )). 

Note that the anti-de Sitter 3-space iJf (1) is identified with SU(1, 1) under the 
map 

7^:iy3(l)^SU(l,l), 

'^^'^^ - /' 1 2 3 4x ^ 4 _ ( Z2 -Zl 



^Zl -Z2^ 

Moreover, the adjoint representation of SU(1, 1) induces a covering homomorphism 
(5.5) p : SU(1,1) ^ S0+(l,2), 

where S0^(l,2) is the restricted Lorentz group with signature (1,2), that is, the 
identity component of the group of linear isometries 0(1, 2) of . Indeed, p{Ax) 
is defined as 

p(A,) : su(l, 1) ^ su(l, 1), Y ^ Ad(A,)r = A,YA-\ 

and, with respect to the pseudo-orthonormal basis (j5.3p of su(l,l), the matrix 
representation of p{Ax) is given by 

/-Re{zl + z^) -Im(^f-z|) 2Re(ziZ2)' 
p{A^) = \ -lm{zf + z^) Re(zf-z|) 2Im(ziZ2) 
\ -2Rc(ziZ2) -2Im(ziZ2) \zi\^ + \z2\^ ^ 

= {A^eiA-'^ A^eaA-i A^e^A-^) , 

from which we easily see that the kernel of p is {± Id}. 

The unit tangent bundle tt : T^Il^(c) — )■ H^(c) of the hyperbolic plane H^(c) is 
defined to be 

Titf(c) = {{x.,v) e X I a; e M^{c), v e T^lf{c), \v\ ^ l} 

= {{x,v) e X I {x,x) = -1/c, (i;,!;) = 1, = O} 

with the canonical projection tt{x, v) = x. As in the spherical case in ^ we may 
identify T^W-ic) with S0+(1, 2) by the diffeomorphism 

(5.7) <^:SO+(l,2)^TiH2(c), (ci C2 C3) >^ (cg/v^, ci). 
Finally, let l be the homothety defined by 

t : ill (c/4) i?i (1), 2a;/v^ 1^ x. 

Then, it is immediate from (15.11) through (15.71) that the composition of the covering 
map 

(5.8) F = 0opoV^oi: i?i^(c/4) ^ riH2(c) 

with the canonical projection tt : T^lS?[c) — ^ H^(c) yields the hyperbolic Hopf map 
H : Hl{c/A) H2(c) of dSH). Indeed, for each 2x/^/7i e (c/4) we have 

(5.9) F(2a;/Vc) = (i, e) £ riH2(c), 



14 



MICHELE BENYOUNES, ERIC LOUBEAU AND SEIKI NISHIKAWA 



where x = {l/^/FjAxe^A^ ^ and e — A^eiA^ ^, so that 

TT o Fi2x/^) - (2ziZ2, kip + 1^21') = H{z). 

5.2. Differentials of maps. The differentials of maps appeared in (|5.8p can be 

computed in the same way as in i i3.ll so we only remark on the foUowing. 

1) Given x e Hf{l), the differential of ip in (|5.4p 

d^, : T,Hf{l) ^ r^(,)(SU(l, 1)) - yl, • su(l, 1) 

is given by 

(5.10) dtP^iXsix)) = A^^ea, dtP^{X2{x)) = ^^63, dV'^(Xi(a;)) = A^ei. 

2) The differential of p in (|5?5|) 

dpA. : r^,(SU(l, 1)) = A, • Bu(l, 1) ^ rp(^^)SO+(l, 2) = • so(l, 2) 

is a linear map sending 

A,,Y ^ dpA^ (A^Y) = o ad(r), 

so that we have 

dpAA^xea) ^ {2A^e2A-^ -2A^eiA-^ O) , 

(5.11) dpAjA,e2) ^ {2A,e3A-^ 2.4,eiA-i) , 

dpAjAxei) = (0 -2^,63^-1 -2^,62^-1), 

since ad(ei)(ei) — 0, ad(ei)(e2) = — 2e3, ad(ei)(e3) ~ — 2e2, ad(e2)(e3) = 2ei for 
the pseudo-orthonormal basis (|5.3p of su(l, 1). 

3) Combining ()5.10p with ()5.1ip and taking into account the differentials of the 
diffeomorphism <j) and the homothety l, we find that the differential of F in (|5.8p 

dF^ : T,7j3(c/4) ^ TFi^^^iT^M^c)) 

is determined as 

dF,(2X3(x)/V^) - (0, 2A,e2A;^) = eg, 

(5.12) dF^{2X2{x)/^fc) - (2A,eiA-VVS, 2^,63^-1) = ^2, 
dF42Xiix)/V~c) = (-2A,e2A^V^, 0) = ei 

for each a; G i/f (c/4). 

5.3. Lifts to the unit tangent bundle. Recall that the unit tangent bundle 
r^H^(c) is a 3-dimensional hypersurface of TIHI^(c). As in the spherical case in 
^3.2[ denoting by X'^ (resp. V") the horizontal (resp. vertical) lift of X (resp. Y), 
we see that at (x, e) e r^ElI^(c) the tangent space of the tangent bundle TH^(c) is 
written as 

T(,,e)(™2(c)) ^{x'' + Y''\X,Ye T^lf{c)} , 
whereas that of the unit tangent bundle T^H^ (c) is given by 

r(,,e)(ritf (c)) = {X'' + Y^\x,Ye r^Wic), (r,e) = 0} . 

Recalling (|5.9p . we set 

and i = (1/^0)^^63^-1. Then (i, /) e T^H^ic) and (/, e) = 0, so that 
T(5,,)(t1h2(c)) = Span {e\ /^ r } . 
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Furthermore, we have the fohowing 

Proposition 5.1. Let x, e and f be as above. Then 

(5.13) (yS/2)e~2 = e^ iV~c/2)h = f\ §3 = -2/". 

Proof. This can be seen in the same manner as in the proof of Proposition 13.11 so 
we only remark on the following for the sake of completeness. 

For the horizontal lift e'' , we consider a geodesic 7 : / Ell^(c) starting from 
X G 112(c) with initial vector e € T^M^{c). Then the curve F : / ^ Tm^{c) given 
by F(t) = {"f{t),v{t) = j{t)) satisfies that F(0) = (i,e) and V^(t)w(t) = for all 
t e /. Since 

7(f) = cosh{y/ct)x + smh{^/ct){e/^/c), 

we deduce that 

e'' = f(0) = (e,cf) = iV^/2)e2. 

Similarly, for /'', we take a geodesic 7 : / ^ H2(c) defined by 

"f{t) = cosh{y/ct)x + sinh(Vct)(//\/c), 

starting from x G H2(c) with initial vector / e Tlj:M'^{c). Then the curve F : / ^ 
TW^{c) given by F(t) = {j{t),v{t) = e) satisfies that F(0) = (i, e) and V^(i)w(t) = 
for all t G I. Hence 

/'^-r(0) = (/,0) = (V^/2)e~i. 

To construct the vertical lift , we now consider a curve 7 : / — ?► TH^ (c) defined 
by lit) = (x, (cost)e + (sini)/). Then 7(i) is a curve along the fibre over x and 
satisfies that 7(0) — {x,e) and 7(0) = (0,/). Hence 63 = (0,-2/) £ V(s_e) C 
^(s,e)(T'^IHl2(c)) C T(^i^e){TB.'^{c)). Moreover, for the connection map we have 



^(£,e)(-e~3/2)= I 
- A 



(exp5oi?_^or)(7(i)) 
[exp5((cos<) - l)e+ (sini)/)]. 



Noting that the geodesic of ]Hl2(c) starting from x with unit initial vector v is given 
by (5(;j.„)(s) = cosh(-ycs)i + sin^l{y/cs){v/^/c), we then see 



expj((cosi — l)e + (sin<)/) 

^/^0{t)) ({cost- 

0{t) 



= cosh(V^0(t)).i + ( (cost -l)e + (sin ^)/- ^ ^^^^^ 



where 



6l(t) = |(cost- l)e+ (sini)/|jj3 = a/2(1 - cost). 
Therefore we obtain 



^(i,e)(-e3/2)= ^ 



t=0 



which shows that 63 = —2/". □ 



16 



MICHELE BENYOUNES, ERIC LOUBEAU AND SEIKI NISHIKAWA 



5.4. Indefinite generalized Cheeger-Gromoll metrics. We extend the notion 
of the generalized Cheeger-Gromoll metric hm.r defined in i 33.3l to admit indefinite 
ones. 

More specifically, for the hyperbolic plane H^(c), we define on its tangent bundle 
TIHI^(c) the indefinite generalized Cheeger-Gromoll metric hm,r as follows. Given 
m €E M and r > 0, we set on each tangent space T(^x,e)(TM'^{c)) 

/^„,,,(X^r") = +r(X,e)(r,e)), 

where X,Y G TxM.'^{c) and lu — 1/(1 + |ep). It should be noted that, equipped with 
hm,r on TIHI^(c) and the canonical metric ( , ) on H^(c), the canonical projection 
TT : TH^(c) ]H[^(c) yields a submersion which is isometric on horizontal directions. 
Moreover, when (x, e) € T^M'^{c), this metric restricts on T(a;^e)(r^H^(c)) to 

K^A^^Y'^) = {X,Y), h,nAX\Y^)=0, 
(5.15) 1 

h^Ax\r")^-—{x,Y). 

Note that the parameter r disappears when restricted to the unit tangent bundle, 
and hm,r has a negative signature on vertical directions. 

With these understood, the proof of Theorem 11.21 is immediate. Indeed, if we 
choose m = log2 c, then, it follows from ((5?T2|) and (l5TT3l) together with (ISTTS)) that 

Vr-((V^/2)e~i,(vs/2)gi) = Vr■(/^/'') = (/, /> - 1, 

/im,r((V^/2)g2, (7^/2)^2) = (e^ c'^) = (e, e) = 1, 

/lm,r((V^/2)gl, (V^/2)g2) = /lm,r(/'', e'') = (/, c) = 0, 
/lm,r((\/H/2)g2, (7^/2)^3) = -/^m,r(e^ 7^/" ) = 0, 
/lm,.((V^/2)gl, (V^/2)g3) = -/irn,r(/^ V^D = 0, 

and 

hmAiV~c/2)e3, (VS/2)e~3) = /i™,r(-VSr, -V^D ^-^{fj) = -1. 

Consequently, the covering map F : Hf{c/4) — > r^H^(c) defined by (|5.8p gives rise 
to an isometric immersion from (iJ^(c/4), ^can) to (T^H^(c), /im^r) for m = logj c 
and r > 0. 
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